An important, if relatively less well known aspect of the singularity theorems in Lorentzian Geometry is to understand how their conclusions fare upon weakening or suppression of one or more of their hypotheses. Then, theorems with modified conclusion may arise, showing that those conclusions will fail only in special cases, at least some of which may be described. These are the so-called rigidity theorems, and have many important examples in the specialized literature. In this paper, we prove rigidity results for generalized plane waves and certain globally hyperbolic spacetimes in the presence of maximal compact surfaces. Motivated by some general properties appearing in these proofs, we develop the theory of lightlike sets, entities similar to achronal sets, but more appropriate to deal with low-regularity null submanifolds.
I. INTRODUCTION
One of the most distinctive aspects of Lorentzian Geometry is its emphasis on obtaining well motivated sufficient conditions ensuring that spacetimes have incomplete nonspacelike geodesics, via the many singularity theorems available in the literature. This is only to be expected, given the key importance of singularities in describing gravitational collapse at the core of black holes or the fate of the Universe in geometric theories of gravity.
However, an equally important aspect of singularity theorems (and indeed of any theorem with physical applicability) is to understand the naturalness of their hypotheses, both from mathematical and physical standpoints. On the one hand, from a physical perspective, one would wish to retain only those assumptions which are likely to have an adequate counterpart in Nature. On the other hand, this should be reflected mathematically in that exceptions to the conclusions of a theorem, upon weakening or altogether suppressing one or more of its assumptions, should only happen in special (in a suitable sense) circumstances. When this does occur, one refers to the result as rigid, and to the modified assertions arising thereby as rigidity (or rigid) theorems. Theorems of this sort have long been known and pursued in the mathematical literature. A beautiful description of the general philosophy behind rigidity theorems, together with a number of key specific examples germane to the context of Mathematical Relativity, can be found in the Chapter 14 of Ref. [4] . Now, in the classic Penrose singularity theorem [24, 27] , one assumes the existence of a closed trapped surface Σ in spacetime. The condition that Σ be a closed trapped surface was Penrose's geometric surrogate of "critical matter density" having been reached in its neighbourhood, signalling an impending gravitational collapse. Mathematically, this condition means (under suitable orientability assumptions) that the so-called null mean curvatures (or expansion scalars) θ ± : Σ → R, which measure the initial divergence of the two families of normal null geodesics emanating from Σ, are both strictly negative, i.e., θ ± < 0. With additional physically natural assumptions, the null geodesic incompleteness of spacetime then follows.
Natural as this scheme may seem, however, rigorous proofs of the existence of trapped surfaces in the presence of large concentrations of matter can be very difficult to come by in spacetimes without special symmetries. Much more natural entities whose existence has been proven in a number of physically motivated contexts [1-3, 14, 15, 29] are marginally outer trapped surfaces (MOTS), for which one has θ + ≡ 0. MOTS are naturally related to closed trapped surfaces, since they often appear as boundaries of compact spatial regions in spacetime containing closed trapped surfaces and as spatial sections of stationary black hole horizons.
A natural question is then: how does geodesic incompleteness fare when one requires that the spacetime contains a MOTS instead of a closed trapped surface, say in Penrose's singularity theorem? Of course, simple examples obtained by making identifications in Minkowski spacetime show that one need not have geodesic incompleteness in this case. However, it has recently been shown [11, 12, 16] that under reasonable additional assumptions, spacetimes containing MOTS are generically geodesically incomplete (in a precise sense -see especially [11] ). In other words, geodesic incompleteness fails only in "special situations", being therefore rigid in the sense described above. This, in turn, leads one to look for rigidity theorems describing the exceptional cases. The typical setting of such theorems is to assume that spacetime is (timelike or null) geodesically complete and then deduce (under some other natural assumptions) special features of spacetime.
In this paper, we prove rigidity theorems involving maximal submanifolds, i.e., those having zero mean curvature. These are closely related to MOTS, and also appear in various natural situations. Indeed, the model for our basic rigidity result (cf. Theorem V.6 below) is Theorem 7.1 of Ref. [16] , which is a rigidity result for MOTS, and our proof therein is an adaptation of the proof in [16] . Theorem V.6 will in turn serve as a basis to obtain a few other rigidity results, which provide descriptions of certain classes of geodesically complete spacetimes of physical interest. In addition, most of our results remain valid for any spacetime dimension larger than two without assuming any field equations.
The general properties of null geodesics and achronal sets appearing in the proofs have led us to investigate certain subsets of spacetime of independent interest, which we have christened lightlike sets. These sets generalize a concept first introduced by G. Galloway in [19] (cf. Definition 3.1 of that reference).
The rest of the paper is organized as follows. In Section II we merely set the general conventions, nomenclature and notation for our main results. This section is accordingly very short.
In Section III we define lightlike sets (Definition III.1) and investigate in detail their basic properties. Lightlike sets have properties analogous to those of achronal sets in the causal theory of spacetimes. So, we have found it worthwhile to develop their theory in a general fashion, roughly having the abstract theory of achronal sets and boundaries as models. Accordingly, not all of the results on lightlike sets will find a direct application in later sections. The reader more interested in the rigidity theorems may therefore just skim over this section in a first reading, referring back to it afterwards as needed.
Sections IV and V mostly review some relatively well known results in order to keep the paper relatively self-contained. However, towards the end of Section V we prove a basic rigidity result (Theorem V.6) of which we make extensive use in later sections.
Section VI presents a rigidity theorem (Theorem VI.1) for generalized plane waves, together with a few corollaries. These comprise a very well studied class of spacetimes [8] which include important exact solutions of the Einstein field equation in General Relativity ( [7, 17, 32] ). The motivation to consider this particular class of spacetimes has arisen from a conjecture by J. Ehlers and K. Kundt [13] , stating that every geodesically complete vacumm (i.e., Ricci flat) pp-wave spacetime is a planewave spacetime (cf. Ch. 13 of [4] ). If that conjecture is true, the in particular that the spacetime is, in addition to the other assumptions, globally hyperbolic, then it is Minkowski spacetime. Theorem VI.1 and its corollaries can be viewed as settling in the affirmative some particular cases of this conjecture.
Section VII establishes (cf. Theorem VII.1) the existence of a bifurcate horizon structure in certain globally hyperbolic spacetimes without assuming the existence any Killing vector fields. We also present therein a concrete context (cf. Theorem VII.2) in which these bifurcate horizons do occur.
II. NOTATION & CONVENTIONS
In all that follows, we fix a spacetime, i.e, an (n + 1)-dimensional (n ≥ 2), second-countable, connected, Hausdorff, smooth (i.e., C ∞ ) Lorentz manifold M endowed with a smooth metric tensor g (signature (−, +, . . . , +)), and with a fixed time-orientation. We assume that the reader is familiar with the basic definitions and results of global Lorentzian Geometry and the causal theory of spacetimes, as found in the standard references [4, 21, 24] . All submanifolds of M are regarded as C ∞ , embedded, and their topology is the induced topology. Finally, we follow the convention that nonspacelike vectors are always nonzero, and we use the terms "nonspacelike" and "causal" interchangeably. If there is no risk of confusion, we shall often use the notation ., . = g( ., .).
In order to set further conventions for the results of this paper, let N ⊆ M be a semi-Riemannian submanifold. Recall that the covariant derivative on (M, g) computed for vectors fields X, Y ∈ X(N ) decomposes in a unique fashion as
where the first term on the right hand side is the covariant derivative wrt the induced metric (which is either Lorentzian or Riemannian in the present context) on N , and the second term defines a normal bundle-valued symmetric tensor called the shape tensor, or second fundamental form tensor of N ֒→ M . Given p ∈ N and {e 1 , . . . , e dim N } ⊂ T p N an orthonormal basis, the mean curvature vector H p at p is the trace of the shape tensor
(This trace does not depend on the orthonormal basis chosen). N is said to be totally geodesic if S ≡ 0 and maximal if H p ≡ 0, ∀p ∈ Σ. It can be shown (cf. Proposition 13, p. 104 of Ref. [24] ) that N is totally geodesic iff any geodesic starting at a point of N and tangent to it remains initially in N .
By a surface we will always mean a connected, acausal (hence spacelike), codimension 2 submanifold Σ ⊂ M . We say that the surface Σ is two-sided if its normal bundle N Σ is trivial. In this case, we can pick two linearly independent, normal future-directed null vector fields K ± : Σ → N Σ and define the null mean curvatures θ ± ∈ C ∞ (Σ) of Σ by
for all p ∈ Σ. By these conventions, an ordinary sphere in a spatial "t = 0" section of Minkowski spacetime has θ + θ − < 0. Σ is a closed trapped surface (resp. a MOTS) if it is compact, two-sided and θ ± < 0 (resp. θ + = 0). Since the vector fields K ± are unique up to rescaling by positive smooth functions, such (in)equalities do not depend on their particular choice. Of course, every compact two-sided maximal surface in (M, g) is a MOTS, but the converse does not necessarily hold.
Given any set S ⊂ M , let η : [0, a) → M be a nonspacelike curve starting at S. We say that η is an S-ray if the Lorentzian length of any segment of η starting at S up to any point p along the curve realizes the Lorentzian distance d(S, p) ≡ sup q∈S d(q, p) from S to that point, where d denotes the Lorentzian distance function (cf. Definition 14.4 of [4] ). It is easy to check that such an S-ray will have a reparametrization as a geodesic. In this paper, we will mostly consider null Σ-rays emanating from a surface Σ, in which case they have globally achronal images, are normal to Σ and have no focal points.
III. LIGHTLIKE SETS
As mentioned in the Introduction, in this section we develop the basics of a general theory of lighlike sets.
ii) For each x ∈ A and for each U ∋ x neighbourhood of x for which A ∩ U is achronal in (U, g| U ),
A non-empty set is lightlike if it is either past or future lightlike, or both.
The following four propositions provide some important examples of lightlike sets.
and A ⊂ Imα be any set dense in the image of α, i.e., such that Imα ⊆ A. Suppose that (M, g) is strongly causal. Then, A is a future lightlike set.
Proof. Pick any t 0 ∈ [a, b) with x 0 = α(t 0 ) ∈ A. Let V ∋ x 0 be a convex normal neighbourhood and (using strong causality) pick any U ∋ x 0 neighbourhood of x 0 such that U ⊆ V and for any future-directed causal curve β : [0, 1] → M with β(0), β(1) ∈ U , we have that β[0, 1] ⊂ V . Let x, y ∈ U ∩ A, x = y. We can assume that there exist t, s ∈ [a, b), t < s, with, say, x = α(t), y = α(s). Then α[t, s] ⊂ V from our choice of U . Since V is convex normal, α| [t,s] is maximal in (V, g| V ), and hence its image is achronal therein. In particular, x ≪ U y. Thus, U ∩ A is achronal in (U, g| U ). This proves that A is locally achronal. Now, take x 0 ∈ A and let U ∋ x 0 be any neighbourhood for which A∩U is achronal in (U, g| U ). By continuity, we can pick a number ǫ > 0 such that t 0 + ǫ ∈ [a, b) and for which α[t 0 , t 0 + ǫ] ⊂ U . Since (M, g) is causal, α(t 0 ) = α(t 0 +ǫ). M is Hausdorff, so there exist V 1 , V 2 ⊂ U disjoint neighbourhoods of α(t 0 ) and α(t 0 + ǫ), respectively. Since α(t 0 + ǫ) ∈ A, for some t 0 < t ≤ t 0 + ǫ, α(t) ∈ A ∩ V 2 , and in particular α(t) ∈ J + (x 0 , U ) \ {x 0 }.
Recall that achronal boundaries are sets of the form ∂I ± (C) for some set C ⊆ M [26] . In general, achronal boundaries are not lightlike sets. For instance, consider the Lorentzian cylinder (M, g) obtained from the 2-dimensional Minkowski spacetime by an isometric identification along a spatial direction, and pick any p ∈ M thereon. The achronal boundaries ∂I ± (p) are neither future nor past lightlike, since condition (ii) in Definition III.1 fails to hold. But in any case we have the following result.
Proposition III.2 Let C ⊆ M be any set. Then, A := ∂I − (C) \ C, if non-empty, is an achronal future lightlike set.
Proof. From standard properties of achronal boundaries (see, e.g., [24, 26] ), A is an achronal (hence locally achronal) C 0 hypersurface, and given any point x ∈ ∂I − (C)\C, there exists a future-directed null geodesic α : [0, a) → M such that α(0) = x, α[0, a) ⊂ ∂I − (C) \ C, and which is either futureinextendible, or has a future endpoint on C. Thus, given any open set U ∋ x such that U ∩ C = ∅, by continuity there exists a number 0 < t 0 < a such that α[0, t 0 ] ⊂ U ∩A and α(t 0 ) ∈ J + (x, U )\ {x}.
Proposition III.3 Let S ⊆ M be any non-empty set and α : [0, a) → M be a future-directed null S-ray. Then A := α[0, a) is an achronal future lightlike set.
Proof. Since every segment of α is maximal, A is achronal. For each t 0 ∈ [0, a), and each neighbourhood U of x 0 = α(t 0 ), we can pick, by continuity, t 0 < t 1 < a with α[t 0 , t 1 ] ⊂ U . We can also assume that α(t 0 ) = α(t 1 ), since α| [t0,t1] cannot be constant (recall that null vectors are nonzero according to our conventions). So α(
It is easy to see that each of these examples has a time-dual version which is a past lightlike set. The following proposition provides an example of a lightlike set.
Proposition III.4 If S ⊂ M is a locally achronal null submanifold, then it is a (future and past) lightlike set.
Proof. It is well known (see, e.g., Prop. 4 of [23] ) that S admits a future-directed, everywhere nonzero null tangent vector field K : S → T S, unique up to rescaling. Since S is locally achronal, all that remains to be shown is clause (ii) in Definition III.1. Pick any p ∈ S and a neighbourhood U ∋ p in M for which U ∩S is achronal in (U, g| U ). We can then consider an integral curve α : (−ǫ, ǫ) → S ∩U of K with α ′ (0) = K p . By choosing ǫ > 0 small enough, we can assume that α is one-to-one, and clause (ii) then follows.
As we have seen, a lightlike set need not be a manifold. However, the following proposition, which can be seen as a partial converse to Proposition III.4, states that if it is a manifold, then it must be a null (a.k.a. lightlike) submanifold (i.e. an embedded C ∞ submanifold with everywhere degenerate induced metric), thus motivating its name.
Proposition III.5 If a lightlike set S ⊂ M is a submanifold, then it is a null submanifold.
Proof. Assume, for definiteness, that S is future lightlike. (The proof when it is past lightlike is analogous.) Suppose that for some p ∈ S, the tangent space T p S is not a degenerate subspace of T p M . Then it is either timelike, or spacelike. Suppose that T p S is timelike, and hence it contains a timelike vector v, say. In this case, there exists a timelike curve α : (−ǫ, ǫ) → S with α ′ (0) = v, in contradiction with the local achronality of S. Thus, we can suppose that T p S ⊆ T p M is a spacelike subspace. Let U be a convex normal neighborhood of p in M for which U ∩ S is an achronal spacelike submanifold in (U, g| U ), and let q ∈ S ∩ U such that q ∈ J + (p, U ) \ {p}. Then, there exists a null geodesic γ in U connecting p with q. By redefining U if necessary, we can also assume that
is a spacelike submanifold of T p M . Clearly, S ∩ U intersects γ at least at p, q ∈ U . Therefore,S also intersectsγ = exp p (q). But, we would have a spacelike submanifoldS of T p M touchingγ (which is part of the null cone of T p M at zero) in two diferent points 0,q, which is absurd (note that T p M can be identified with Minkowski spacetime).
hypersurface is simply a (future, past) lightlike set which is also a C k hypersurface in M . These have a structure very similar to that of achronal boundaries, i.e., sets of the form ∂I ± (C) for some set C ⊆ M , as the next proposition shows. Here and hereafter, we shall often state our results only in terms of future lightlike sets, in which case a time-dual version will be always be understood to hold.
Proposition III.6 Assume that S is a future lightlike C 0 hypersurface. Then: i) S is the union of (the images of ) maximal future-directed null geodesics without future endpoints in S (when maximally extended in S, these will be called null generators of S).
ii) If α and β are two distinct null generators, then either Imα ∩ Imβ = ∅ or Imα ∩ Imβ = {p}, p ∈ S being their common past endpoint.
iii) If S is achronal and γ : [0, a) → S is a null generator of S starting at p = γ(0), then there exists no conjugate points to x 0 along γ.
iv) If S is closed, then all its null generators are future-inextendible (in M ).
Proof. (i) Let p ∈ S, and fix a neighbourhood U ∋ p in M for which U ∩S is achronal in (U, g| U ). First note that since S is a C 0 hypersurface, we can choose U such that it is connected and U \ S has two connected components. Indeed, we can assume, without loss of generality, that U = U + ∪(U ∩S)∪U − , where U ± := I ± (U ∩ S, U ) (for instance, by replacing U by a chronological diamond contained in U of two points at the past and the future of U ∩ S). By (ii) in Defn. III.1, let q ∈ U ∩ S, q = p, and α : [0, 1] → U a future-directed causal curve withα(0) = p andα(1) = q. From the achronality of U ∩ S, we can assume thatα is a null geodesic without conjugate points to p before q.
Claim:
Indeed, suppose not. Then, for some t 0 ∈ (0, 1),α(t 0 ) ∈ U \ (U ∩ S). However, ifα(t 0 ) ∈ U − , then for some r ∈ U ∩ S, p < Uα (t 0 ) ≪ U r, and hence p ≪ U r, contradicting achronality. On the other hand, ifα(t 0 ) ∈ U + , an analogous argument using q instead p also leads to a contradiction with achronality, thus proving the claim.
Let α : [0, a) → M be the future-directed, future-inextendible (in M ) null geodesic with α| [0,1] =α (so, in particular, a > 1). If α[0, a) ⊆ S we are done, since the maximal extension of α in S will then be a future-inextendible null generator passing through p. Otherwise, let
By assumption s 0 < a, and by the previous Claim, s 0 ≥ 1. Suppose by contradiction that α(s 0 ) ∈ S. Then, for some neighbourhood V ∋ α(s 0 ), V ∩ S is achronal in (V, g| V ), and reasoning as before, we can assume that there exists a number ǫ > 0 such that s 0 + ǫ < a and a future-directed null geodesic
. Now, by continuity, there exists a number 0 < δ < s 0 for which α[s 0 − δ, s 0 ] ⊆ V ∩ S. But then by achronality, we must have that β ≡ α| [s0,s0+ǫ] , and hence α[0, s 0 + ǫ] ⊆ S, in contradiction with the definition of s 0 . Therefore, we conclude that α(s 0 ) / ∈ S, and hence γ := α | [0,s0) has no future endpoint in S. So, its maximal extension in S is a null generator passing through p.
(ii) Let α, β be null generators of S with Imα ∩ Imβ = ∅. By reparametrizing and restricting conveniently the domains of α, β, we can assume that α :
If T = a then Imα ⊂ Imβ, and the extensions of α and β in S coincide as null generators of S.
Suppose now that T < a. Assume by contradiction that T > 0 and let q = α(T ) ∈ S. Again, for some neighbourhood W ∋ α(T ), W ∩ S is achronal in (W, g| W ), and reasoning just as in the previous part, we can assume that there exists a number ǫ > 0 such that T + ǫ < a and a future-directed null geodesic λ : [T, T + ǫ] → W such that λ[T, T + ǫ] ⊆ W ∩ S and λ(T ) = q. Again by continuity, there exists a number 0 < δ < T for which α[T − δ, T ] ⊆ W ∩ S. Achronality now demands that λ ≡ α| [T,T +ǫ] = β| [T,T +ǫ] , a contradiction. Therefore, T = 0 and so Imα ∩ Imβ = {p}. In this case, and taking into account local achronality, neither α nor β can be extended as null generators to the past beyond p, which is then a common past endpoint.
(iii) is immediate.
(iv) If S is closed, a putative future endpoint of any null generator α : [0, a) → M would be in S = S, contradicting part (i).
In the next section, it will be of importance to consider lightlike C 0 hypersurfaces whose null generators are future-inextendible (in M ). Now, as Proposition III. An important first example of a future lightlike set having a future p-horizon is as follows.
Proposition III.7 Let S ⊆ M be a non-empty set, and let α : [0, a) → M be a future-inextendible null S-ray. Then Imα has a future p-horizon.
Proof. The following proof is an adaptation of the first part of the proof of Theorem 4.1 in [19] .
, and let U be a convex normal neighbourhood of p. Now, (U, g| U ) is strongly causal, so given a pre-compact open neighbourhood K of p, with K ⊆ U , for each t ∈ [0, a), α| [t,a) cannot remain in K if it ever meets it. Thus, there exists a sequence p n = α(t n ) with t n ր a, p n / ∈ K. It follows that for each x ∈ V = K ∩ I − (A), there exists a future-directed timelike curve from x to a point on A not in V . We apply now the (time-dual of) Lemma 3.19 of Ref. [26] to conclude that p is the past endpoint of a future-directed null geodesic segment contained in ∂I − (A) ∩ U .
In order to generalize this example, we need the following concept.
1 Again, the time-dual concept of having a past p-horizon applies to past lightlike sets. The name "p-horizon" comes from the standard concept of particle horizon in Relativity (see, e.g., p. 128 of [21] ).
Definition III.3 Let A ⊆ M be any set. Its future edge is
(The past edge ǫ − A is defined time-dually.)
Remark III.8 The future edge ǫ + A is not necessarily closed. To see this, consider the following example. Take M = R 3 , g the Minkowski metric thereon, given by ds
, and time-orientation such that ∂/∂t is future-directed. Let
It is easy to see that A is a future lightlike set, and that
Proof. (i) The "only if" part is immediate. For the "if" part, consider p ∈ A and let U ∋ p be any neighbourhood for which Corollary III.11 Assume that (M, g) is strongly causal, and let η : [0, a) → M be a future-directed, future-inextendible null geodesic. If ∂I − (η) is non-empty, then η has a future p-horizon.
Proof. Write A := Imη. By Proposition III.1 and the previous Corollary, we only need to show that ǫ + A = ∅. But since (M, g) is strongly causal, A is closed, and hence ǫ + A ⊂ A. But by Proposition III.9(i), A ∩ ǫ + A = ∅, so the result follows.
Remark III.12 The converse of Corollary III.10 does not necessarily hold. To see this, take again M = R 3 , g the Minkowski metric thereon, given by ds
A is a future lightlike set, and ∂I − (A) = {(t, t, y) : t, y ∈ R} is an achronal lightlike C ∞ hypersurface, so A has a future p-horizon. However, (1, 1, 0) ∈ ǫ + A = ∅.
IV. THE GEOMETRY OF NULL HYPERSURFACES
Throughout this section, S shall denote a smooth null hypersurface (i.e., a codimension one embedded C ∞ submanifold with everywhere degenerate induced metric) of (M, g) 2 . For each p ∈ S, the orthogonal complement T p S ⊥ of the tangent space T p S of S at p within T p M is one-dimensional, and indeed T p S ⊥ ⊂ T p S. This means that there is a canonical line bundle T S ⊥ associated with S with fiber T p S ⊥ at p. This line bundle clearly admits an everywhere nonzero smooth global section K, obtained, say, by fixing any future-directed timelike vector field X : M → T M and picking the value of K at a given point p ∈ S to be the unique null vector
The future-directed null vector field K : S → T S is then simultaneously tangent and orthogonal to S, and is unique up to multiplication by a positive smooth function f : S → (0, +∞).
The following fact is fundamental (see, e.g., Corollaries 14 and 15 of [23] for a proof).
Proposition IV.1 If S is a smooth null hypersurface in the spacetime (M, g) and K : S → T S is a future-directed null vector field on S, then ∇ K K = λK for some λ ∈ C ∞ (S). In particular, the integral curves of K are null pre-geodesics of (M, g).
The null geodesics reparametrizing integral curves of K are called the null (geodesic) generators of S. They are intrinsic to S.
To study the "shape" of the null hypersurface S, we study how the null vector field K varies along S. To this end we shall introduce a "mod K" version of the shape operator (Weingarten map) and associated second fundamental form. Now, the bundle T S/T S ⊥ := ∪ p∈S T p S/T p S ⊥ is a smooth rank n − 1 vector bundle over S. It admits a natural positive-definite fiber metric h, given by
for each v, w ∈ T p S and each p ∈ S, where the bar over the vector denotes its equivalence class mod T p S ⊥ . It is very easy to check that it is well-defined. The null Weingarten map b = b K (of S with respect to K) for each point p ∈ S is the linear map b :
This map is well-defined, because given equivalent v, v ′ ∈ T p S, we have v ′ = v + aK p for some number a, and then
where we have used Proposition IV.1 to obtain the last equality.
Proposition IV.2 If S is a smooth null hypersurface in the spacetime (M, g) and K : S → T S is a future-directed null vector field on S with associated Weingarten map b, then
ii) if f : S → (0, +∞) is smooth, so thatK = f K is another future-directed null vector field on S, then bK = f b K .
Proof. (i) Extend v, w ∈ T p S to smooth vector fields V, W on M tangent to S near p, respectively.
Therefore,
(ii) For each v ∈ T p S,
The null second fundamental form B = B K (of S with respect to K) is the bilinear form associated with b via h, i.e., B :
Since b is self-adjoint, B is symmetric. We say that S is totally geodesic iff B ≡ 0 (equivalently, b ≡ 0) everywhere on S. One can show this has the usual geometric meaning: if S is totally geodesic, then given any geodesic γ : [0, a) → M starting at some p ∈ S with γ ′ (0) ∈ T p S, there exists 0 < ǫ < a for which γ[0, ǫ) ⊆ S.
The null mean curvature, or null expansion scalar (of S with respect to K) is θ = θ K = trb. If we pick any g-orthonormal set {e 1 , . . . , e n−1 } ⊂ T p S of spacelike vectors, then {e 1 , . . . , e n−1 } is an h-orthornomal basis for T p S/T p S ⊥ . Hence
where Σ is any smooth spacelike codimension 2 submanifold Σ ⊂ S such that span{e 1 , . . . , e n−1 } = T p Σ. Therefore, θ measures the expansion of the null generators of S towards the future. Moreover, it follows from Proposition IV.2(ii) that null mean curvature inequalities such as θ ≥ 0, θ < 0, etc., are invariant under positive rescaling of K. For example, according to our conventions, in Minkowski spacetime a future null cone S = ∂I + (p) \ {p} (resp. past null cone S = ∂I − (p) \ {p}) always has positive null mean curvature θ > 0 (resp. negative null mean curvature θ < 0).
We now describe how the Weingarten map propagates along the null geodesic generators. Let η : I ⊆ R → S be a future-directed, affinely parametrized null geodesic generator of S. For each s ∈ I, denote by b(s) the Weingarten map based at η(s). Then we can show that b(s) satisfies a Ricatti-type equation (cf. Proposition 3.3., p. 35 of Ref. [18] ).
Proposition IV.3 The one-parameter family of Weingarten maps s ∈ I → b(s) obeys the equation
where b ′ is the covariant derivative,
By taking the trace of Eq. (4.1), we obtain the following formula for the derivative of the null mean curvature θ η (s) := θ(η(s)) along η:
where σ := (trb 2 ) 1/2 is the shear scalar, beingb := b − 1 n−1 θ · Id is the trace-free part of the Weingarten map, and Ric is the Ricci tensor of (M, g). Eq. (4.2) is the Raychaudhuri equation for (twist-free) null geodesics.
With these tools in place, we can prove the following.
Proposition IV.4 Suppose that (M, g) satisfies the null convergence condition, i.e., Ric(v, v) ≥ 0 ∀v ∈ T M null. Let S ⊂ M be a null hypersurface, and suppose that there exists a smooth submanifold Σ of S such that:
1) Σ is a spacelike, acausal codimension 2 maximal (i.e., zero mean curvature) submanifold of (M, g) (hence codimension 1 in S);
2) Every null generator of S intersects Σ orthogonally.
Then i) S is diffeomorphic to Σ × R, S ± := (S ∩ J ± (Σ)) \ Σ are disjoint smooth null hypersurfaces, and S = S + ∪ Σ ∪ S − .
ii) S + has null mean curvature θ ≤ 0.
Proof. (i) From condition (2) and the acausality of Σ, every null generator of S must intersect Σ precisely at one parameter value. By Lemma 15 of [23] , S is diffeomorphic to Σ × R. In particular, Σ is closed in S, so S \ Σ is an open submanifold of S. From the acausality of Σ, S + ∩ S − = ∅ . Finally, condition (2) yields S \ Σ ⊆ S + ∪ S − .
(ii) Let K : S → T S be a tangent, smooth, future-directed, null vector field on S. Since the integral curves of K differ from the null generators only by a reparametrization, K| Σ is orthogonal to Σ. Let p ∈ S + and let η : (a, b) → S be the (maximally extended) null generator of S passing through p. We can assume, by a suitable choice of the affine parametrization, that a < 0 < b and η(0) ∈ Σ, and thus, for some t 0 ∈ (0, b), η(t 0 ) = p. Since Σ has zero mean curvature and K| Σ is normal to Σ, θ(η(0)) = 0. Thus, Eq. (4.2) together with the null convergence condition imply that θ(η(s)) ≤ 0 for all s ∈ [0, b), and in particular θ(p) = θ(η(t 0 )) ≤ 0.
V. COMPARISON THEORY FOR LIGHTLIKE C 0 HYPERSURFACES
We start with the following definition, due to Galloway (cf. Definition 3.2 of [19] ).
Definition V.1 Let S ⊂ M be a future lightlike C 0 hypersurface. We say that S has null mean curvature θ ≥ 0 in the support sense provided that for each p ∈ S and for each number ǫ > 0 there exists a smooth (at least C 2 ) null hypersurface S p,ǫ ∋ p such that (i) for some neighbourhood U ∋ p for which S ∩ U is achronal in (U, g| U ), we have S ∩ U ⊆ J + (S p,ǫ ∩ U, U ), and ii) the null mean curvature θ p,ǫ of S p,ǫ (wrt to the unique future-directed null vector field on S p,ǫ having unit norm wrt a fixed background Riemannian metric) satisfies θ p,ǫ (p) ≥ −ǫ.
(If S ⊂ M is a past lightlike C 0 hypersurface, then it can be defined in a time-dual fashion what it means to say that S has null mean curvature θ ≤ 0 in the support sense.)
The next two theorems are a suitable transcription of Lemma 4.2 and Theorem 3.4 in [19] , respectively.
Theorem V.1 Suppose that (M, g) satisfies the null convergence condition, and let S ⊂ M be an achronal future lightlike C 0 hypersurface whose null generators are all future-complete. Then S has null mean curvature θ ≥ 0 in the support sense, with null second fundamental forms locally bounded from below 4 .
Theorem V.2 (Maximum Principle for C 0 null hypersurfaces) Let S 1 ⊂ M be a future lightlike C 0 hypersurface and S 2 ⊂ M be a past lightlike C 0 hypersurface. Assume that for some p ∈ M , (i) p ∈ S 1 ∩ S 2 and there exists a neighbourhood U ∋ p such that
(ii) S 1 (resp. S 2 ) has null mean curvature θ 1 ≥ 0 (resp. θ 2 ≤ 0) in the support sense, with null second fundamental forms locally bounded from below.
Then there exists a neighbourhood O ∋ p for which S :
Moreover, S is a smooth null hypersurface with null mean curvature θ ≡ 0.
The following result is a simple consequence of the Theorem 3.2.31 of [31] .
) is globally hyperbolic and let Σ ⊂ M be an acausal, future causally complete 5 submanifold. Then S = ∂J + (Σ)\(Σ∪Cut(Σ)) is a smooth null hypersurface, where Cut(Σ) is the set of null cut points to Σ along future-directed null geodesics starting at and normal to Σ.
Lemma V.4 Assume that (M, g) is globally hyperbolic and let C ⊆ M be a future causally complete set. Then J + (C) is a closed set.
Proof. Let (x n ) ⊆ J + (C) be a sequence converging to a point x ∈ M . Pick any x + ∈ I + (x), so we can assume without loss of generality that x n ∈ I − (x + ) ∩ J + (C). Now, the latter set is easily seen to be contained in the set D := J − (x + ) ∩ J + (K), where K := J − (x + ) ∩ C, which is compact because C is C is future causally complete. Since (M, g) is globally hyperbolic, D is also compact, so x ∈ J + (C) and the result follows.
Corollary V.5 In the conditions and notation of Proposition V.3, if (M, g) satisfies the null convergence condition and Σ is in addition a codimension 2 maximal submanifold, then S = ∂J + (Σ) \ (Σ ∪ Cut(Σ)) has null mean curvature θ ≤ 0.
Proof. Extending the null generators of S a little to the past, we can easily obtain a null hypersurface which will satisfy the conditions of Proposition IV.4 (we need J + (C) closed to ensure (2) in that proposition), and the result follows.
Our first main result is the following theorem.
Theorem V.6 Suppose (M, g) is globally hyperbolic, future null geodesically complete and satisfies the null convergence condition. Let Σ ⊂ M be an acausal, future causally complete, maximal codimension 2 spacelike submanifold. Suppose furthermore that ∂I + (Σ) \ Σ contains a connected future lightlike set A with a future p-horizon. Then, the connected component of ∂I + (Σ) \ Σ containing A is a smooth totally geodesic null hypersurface with future-complete null geodesic generators.
Proof. We adapt herein the proof of Theorem 7.1 of [16] . Note first that A is an achronal set (because A ⊂ ∂I + (Σ), and ∂I + (Σ) is achronal), and hence A ⊆ ∂I − (A). Since A has a future p-horizon, the connected component S 1 of ∂I − (A) containing A is a non-empty, achronal, closed, future lightlike C 0 hypersurface with future-inextendible null generators, which are therefore future-complete. By Theorem V.1, S 1 has null mean curvature θ 1 ≥ 0 in the support sense, with null second fundamental forms locally bounded from below.
We claim that A ⊆ ∂I + (Σ) \ (Σ ∪ Cut(Σ)). Indeed, let p ∈ A. Since p ∈ ∂I + (Σ) \ Σ, and Σ is future causally complete, J + (Σ) is closed (by Lemma V.4), and the null geodesic generator η of ∂I + (Σ) passing through p has a past endpoint on Σ, having no focal points to Σ before p. Since A is future lighlike, η can be extended a little further beyond p without focal points, and therefore p / ∈ Cut(Σ). Let S 2 be the connected component of ∂I + (Σ) \ (Σ ∪ Cut(Σ)) containing A. By Proposition V.3 and Corollary V.5, S 2 is a smooth null hypersurface with null mean curvature θ 2 ≤ 0.
Next, we claim that S 2 ⊂ S 1 . First, note that A ⊂ S 1 ∩ S 2 = ∅. So, it suffices to prove that S 1 ∩ S 2 is open and closed in the connected set S 2 . In order to prove that S 1 ∩ S 2 is closed in S 2 , let (x n ) ⊆ S 1 ∩ S 2 be a sequence converging to a point x ∈ S 2 . Since S 1 is closed, x ∈ S 1 . Hence S 1 ∩ S 2 is closed in S 2 . In order to prove that it is open, let x ∈ S 1 ∩ S 2 . Since S 1 is an achronal C 0 -hypersurface, it is edgeless (cf., e.g., Proposition 25, Ch. 14 of [24] ). Hence, there exists an open set U ∋ x such that every future-directed timelike curve contained in U and going from I − (x, U ) to I + (x, U ) must intersect S 1 . Fix z ± ∈ I ± (x, U ) and let V := I − (z + , U ) ∩ I + (z − , U ). Clearly, every point y ∈ V \ S 1 must be either in I + (S 1 ∩ V, V ) or in I − (S 1 ∩ V, V ) (but not in both, because S 1 is achronal). Moreover, I
− (S 1 ∩V, V )∩S 2 = ∅, since otherwise there would exist a past-directed timelike curve from A ⊆ ∂I
. By the maximum principle for C 0 null hypersurfaces (Theorem V.2), there exists a neighbourhood O ∋ x for which S 1 ∩ O = S 2 ∩ O, this intersection being a smooth null hypersurface with null mean curvature θ ≡ 0. Therefore, S 1 ∩ S 2 is open in S 1 and in S 2 , and thus, S 1 ∩ S 2 = S 2 , that is, S 2 ⊂ S 1 . In particular, we have shown that S 2 is a smooth null hypersurface with future-inextendible null generators and θ ≡ 0.
By the Eq. (4.2) and the null convergence condition, along any generator η of S 2 we must have σ 2 = Ric(η ′ , η ′ ) ≡ 0, and hence b ≡ 0. In particular, S 2 is totally geodesic. Therefore, if S 2 coincides with the connected componentS 2 of ∂I + (Σ) \ Σ containing A, then it must be a smooth null hypersurface with future-complete null geodesic generators and zero null mean curvature, and we are done. So, let us see that S 2 coincides withS 2 . Note that S 2 ⊂S 2 and it is open inS 2 (because it is a submanifold of the same dimension). By contradiction, let (y n ) ⊂ S 2 be a sequence such that y n → y ∈S 2 , y ∈ S 2 . Then, y ∈ S 2 ∩S 2 , and so, y ∈ S 2 ∩ Cut(Σ). Since S 1 is closed and S 2 ⊂ S 1 , we have that S 2 ⊂ S 1 . Hence, y ∈ S 1 ∩ Cut(Σ), and thus, y ∈ ∂I − (A) ∩ Cut(Σ). Let α be a future-directed null generator of ∂I + (Σ) from Σ to y, and let β be a future-directed where g 0 is a smooth Riemannian metric on the (n − 1)-dimensional manifold M 0 , the variables (v, u) are the standard coordinates of R 2 , and H : M 0 × R → R is a smooth real function. It is straightforward to check that the vector field ∂ v is absolutely parallel (i.e., covariantly constant) and null, and the time-orientation will be chosen which makes it past-directed. Thus, for any future-directed causal curve z(s) = (x(s), v(s), u(s)),
and the inequality is strict if z(s) is timelike. Since grad u = ∂ v , the coordinate u : M → R plays the role of a "quasi-time" function, i.e., its gradient is everywhere causal and any causal segment γ with u • γ constant (necessarily a null pregeodesic without conjugate points) is injective. In particular, every generalized plane wave is causal. The hypersurfaces u ≡ constant are degenerate, with the kernel of the metric spanned by ∂ v . The hypersurfaces (non-degenerate (n − 1)-submanifolds) of these degenerate hypersurfaces which are transverse to ∂ v , must be isometric to open subsets of M 0 .
According to Ehlers and Kundt [13] (see also [6] ) a vacuum spacetime is a plane-fronted gravitational wave if it contains a shearfree geodesic null vector field K, and admits "plane waves" -spacelike (two-)surfaces orthogonal to K. The best known subclass of these waves are the (gravitational) "plane-fronted waves with parallel rays" or "pp-waves", which are characterized by the condition that K is covariantly constant, ∇K = 0. Ehlers and Kundt gave several characterizations of these waves in coordinates, and they obtained that "at least locally" the metric can be written as in (6.2) . Nowadays, pp-wave means any spacetime which admits a covariantly constant null vector field [30, p. 383] . Even though, in general, their fronts may be "non-plane", this happens in the most relevant cases (four dimensional spacetimes which are either vacuum, or solutions to EinsteinMaxwell equations, or pure radiations fields). In what follows, we will use the term pp-wave to denote the classical spacetimes
The pp-wave is vacuum (i.e., Ricci-flat) if and only if the "spatial" (transverse) Laplacian ∆ 0 H(x, u) vanishes 6 . Fixing some local coordinates x 1 , . . . , x n−1 for the Riemannian part M 0 in (6.1), it is straightforward to compute the Christoffel symbols of g and, thus, to relate the Levi-Civita connections ∇, ∇
• M 0 is totally geodesic, i.e., ∇ ∂i ∂ j = ∇ 0 ∂i ∂ j , i, j = 1, . . . , n − 1.
• The non-zero curvature coefficients are:
where we have used i, j, k, l, . . . for the spatial coordinates, and Hess 0 H denotes the Hessian of H = H(., u) with respect to the metric g 0 .
• The Ricci tensor Ric of (M, g) and Ric 0 of (M 0 , g 0 ) satisfy
Thus, Ric is zero if and only if both the Riemannian Ricci tensor Ric 0 and the transverse Laplacian ∆ 0 H vanish.
From the direct computation of Christoffel symbols of a generalized plane wave, it is straightforward to write the geodesic equations in local coordinates. Remarkably, the three geodesic equations for a curve z(s) = (x(s), v(s), u(s)), s ∈]a, b[, can be solved in the following three steps [8, Proposition 3.1]:
(a) u(s) is any affine function, u(s) = u 0 + s∆u, for some ∆u ∈ R.
where D s denotes the covariant derivative and V ∆ is defined as:
(c) Finally, with a fixed v 0 and an s 0 ∈]a, b[, v(s) can be computed from:
where E z = g(ż(s),ż(s)) is a constant (if ∆u = 0 then v = v(s) is also affine).
Our main result in this section is the following.
Theorem VI.1 Assume that (M, g) is a globally hyperbolic, future null geodesically complete generalized plane wave obeying the null convergence condition. Fix (v 0 , u 0 ) ∈ R 2 , and let Then, ∂I + (Σ) \ Σ is the disjoint union of two connected smooth totally geodesic null hypersurfaces S ± with future-complete null geodesic generators, where
Moreover, S = ∂J + (Σ) = S + ∪ Σ ∪ S − is a future Cauchy hypersurface in (M, g), i.e. an achronal set S for which J + (S) = D + (S), and Hess 0 H vanishes on the whole region u > u 0 .
Proof. Note that Σ is clearly a smooth codimension 2 closed spacelike submanifold of M contained in the null achronal hypersurface S 0 := {u = u 0 }. We already know that Σ is totally geodesic, hence maximal. Similarly, a straightforward calculation also shows that S 0 , and hence S − ⊂ S 0 , is a smooth totally geodesic null hypersurface with future-complete null generators of the form
by global hyperbolicity), and so it is also compact, that is, Σ is future causally complete.
Consider the two smooth vector fields K ± : Σ → T M given by
These fields are clearly null, future-directed and g(K + , K − ) = −1. Moreover, they are everywhere normal to Σ. In particular, Σ is two-sided. Since Σ is future causally complete, J + (Σ) is closed (cf. Lemma V.4). Hence, we can define subsets H ± of ∂I + (Σ) \ Σ as follows. Given a point p ∈ ∂I + (Σ) \ Σ ⊂ J + (Σ), we have a null geodesic segment α : [0, 1] → ∂I + (Σ) with α(1) = p and α(0) ∈ Σ. Clearly, α ′ (0) ⊥ Σ, and thus α ′ (0) is parallel to either K + , in which case we say that p ∈ H + , or K − , in which case p ∈ H − . In particular, ∂I + (Σ) \ Σ = H − ∪ H + . We shall refer to normal future-directed null geodesic starting at Σ in the direction K + [resp. K − ] as transversal [resp. longitudinal].
We now proceed through a series of claims. Claim 1: Σ is acausal. Since the hypersurface S 0 is achronal, then any future-directed causal curve segment γ :
2 with γ(0), γ(1) ∈ Σ ⊂ S 0 must actually be (up to reparametrization) a null geodesic. However, in that case our previous discussion on geodesics show that one must have u ′ (t) = const., so if γ is to return to S 0 , one must have u(t) ≡ u 0 . However, in this case, v(t) = at + v 0 , where a ∈ R. But then a = 0 and the corresponding geodesic is spacelike, a contradiction.
Claim 2:
The sets H ± are connected. We prove this for H + , the other case being analogous. Let p, q ∈ H + , and let α P , α F : [0, 1] → ∂I + (Σ) past-and future-directed null geodesic segments, respectively, with α P (1), α F (0) ∈ Σ, α P (0) = p and α F (1) = q, and with α ′ P (1) and α ′ F (0) parallel to K + . Now, M 0 is path-connected, since M is, and it follows that Σ is path-connected. Pick a continuous path β : [0, 1] → Σ with β(0) = α P (1) and β(1) = α F (0). Let U ⊆ M be a connected normal neighbourhood of Σ. Then, for some connected neighbourhoodŨ ⊆ N Σ of the zero section in N Σ, the normal exponential map exp ⊥ :Ũ → U is a diffeomorphism. Since β[0, 1] ⊂ Σ is compact, there exists a number 0 < ǫ < 1 for which sK + (β(t)) ∈Ũ , for all s ∈ [0, ǫ], and all t ∈ [0, 1]. Since α P and α F are maximal near Σ, we can also assume that α P (s) = exp
, that is, the endpoints of β can move along α P and α F .
By juxtaposing
, we end up with a continuous curve in H + connecting p and q.
Claim 3: S ± = H ± and H − ∩ H + = ∅. Clearly, S − ⊆ H − . We know that every geodesic γ(t) = (γ 0 (t), v(t), u(t)) ∈ M 0 × R 2 satisfies u ′ = const., which applied to future-directed null longitudinal geodesics implies that H − ⊆ S − (because, in this case, u ′ ≡ 0). For the same reason, transversal null geodesics (i.e. u ′ = 0) can never return to S − , so H − ∩ H + = ∅, and η(0, ∞) ∩ S − = ∅. Finally, since H + is connected and it contains η(0, ∞), it coincides with the connected component of ∂J + (Σ) \ Σ containing η(0, ∞). Applying now Theorem V.6 to A = η(0, ∞) (cf. Propositions III.3 and III.7), we conclude that S + is a smooth totally geodesic null hypersurface with future-complete null generators.
Claim 4: S is a future Cauchy hypersurface. In order to show that D + (S) = J + (S), we will focus on the inclusion to the left, as the other one is trivial. Take any p ∈ J + (S) = J + (Σ) and consider a nonspacelike past-directed past-inextendible
, which is compact because so is Σ ∩ J − (p), in contradiction with strong causality.
Finally, for the last assertion, recall that the Weingarten map b vanishes identically along each null geodesic generator γ of S + . Then, Eq. (4.1) gives that R(v, γ ′ )γ ′ , v = 0 for every vector v normal to γ ′ and tangent to S + (because R(v, γ ′ )γ ′ is parallel to γ ′ ). A direct computation shows that for every vector v normal to γ ′ and tangent to S + , the equality
holds. Now, observe that since ∂/∂v is a Killing vector field, the assumption (ii) actually implies that we a have a Σ v,u0 -ray for every v ∈ R. This means, in turn, that the region u > u 0 is foliated by totally geodesic null hypersurfaces where Hess 0 H vanishes, and thus Hess 0 H = 0 therein.
For the following corollaries, we shall fix Σ ⊂ M as in Theorem VI.1.
Corollary VI.2 Under the hypothesis of previous theorem, any analytic pp-wave (that is, with H analytic) is isometric to Minkowski spacetime.
Proof. From the last assertion in the previous theorem, we can assume that Hess 0 H vanishes on the region u > u 0 . But since Hess 0 H is analytic, this means that Hess 0 H vanishes everywhere. Taking into account that now (R g0 ) i jkl ≡ 0, we deduce that the curvature of (M, g) vanishes identically, and so, (M, g) is simply Minkowski spacetime.
Corollary VI.3 Assume that (M, g) is a globally hyperbolic, future null geodesically complete ppwave obeying the null convergence condition. If there exists a future-directed null Σ-line η : (−∞, ∞) → M wrt Σ 8 and not contained in the hypersurface u = u 0 , and Σ is contained in the causal future of a Cauchy hypersurface V , then (M, g) is isometric to Minkowski spacetime.
Proof. Reasoning as in the proof of previous result we deduce that the region u > u 0 is flat. Reasoning time-dually we also deduce that the region u < u 0 is flat. Therefore, we can assume that H = 0 in these regions, and so, it must vanish identically on the whole space.
Corollary VI.4 Assume that (M, g) is a globally hyperbolic, future null geodesically complete homogeneous (i.e., with H independent of u) pp-wave obeying the null convergence condition. If there exists a future-directed null Σ-ray η : [0, ∞) → M starting at Σ and not contained in the hypersurface u = u 0 , then (M, g) is isometric to Minkowski spacetime.
Proof. Since the metric coefficients are independent of u, we only need to prove that the region u > u 0 is flat. To this aim, and arguing as in the proof of Corollary VI.2, it suffices to prove that Σ is FCC (recall footnote 7). So, let q = (x, u, v) ∈ J + (Σ) and assume by contradiction that J − (q) ∩ Σ is not compact. Then, there exists a family (z i ) i∈I of past-directed causal geodesics in M with z i (0) = q, z i (1) ∈ Σ for all i ∈ I, such that (z i (1)) i∈I is not contained in any compact subset of Σ. In particular, each
Consider the family of past-directed causal curves z i (s) = (x i (s), u i (s), v i (s)), i ∈ I, given by:
With this choice, note that γ i (1) = (x, u 0 +2∆u, 2v 0 −v) for all i ∈ I. Therefore, the causal diamond
) i∈I is not contained in any compact set of Σ, and so, J(p, q) cannot be compact, in contradiction with global hyperbolicity.
Remark VI.5 In all these rigidity results we have adopted the existence of a null Σ-ray as one of our hypotheses. This assumption is natural, for example, in the following setting. Suppose that (M, g) is a generalized plane wave spacetime admitting a suitably regular, conformal future infinity J + , and that our surface Σ (defined again as in Theorem VI.1) is visible from J + in the sense that
is not entirely contained in the latter set. (This will be the case, e.g., if J + is a null hypersurface with null generators having a past endpoint in a suitably defined "spatial infinity" i 0 ; cf. the proof of Proposition 9.2.1 in [21] .) Then that connected component will intersect ∂I + (Σ, M ∪ J + ), and hence there would exist a future-complete, future-inextendible null generator of ∂I + (Σ) which would have a past endpoint on Σ (since J + (Σ) is closed). This would be our Σ-ray. This reasoning shows that the existence of such a ray will fail to hold only if the structure of (M, g) is bad enough, or if Σ is not visible from infinity, and hence within a black hole region.
VII. BIFURCATE HORIZONS AROUND MAXIMAL SURFACES
Suppose that (M, g) admits a Killing vector field X and let f := X, X . Consider the open set
Assume thatH = N ∩ f −1 (0) is non-empty. Then it is a smooth hypersurface in (M, g) restricted to which X is null. Using the fact that X is Killing, it is easy to check that ∇f = −2∇ X X and X X, X = 2 X, ∇ X X = 0, and therefore ∇f, X ≡ 0. Hence, X is everywhere tangent toH and at any p ∈H, ∇f (p) is either null or spacelike. Any connected component ofH restricted to which ∇f is everywhere null is therefore a null hypersurface, called a (non-degenerate) Killing horizon in (M, g) 9 . Let H ⊂ M be a Killing horizon. Since H is a null hypersurface, given p ∈ H and v, w ∈ T p H, the symmetry of the null second fundamental form (cf. Prop. IV.2) gives B p (v, w) = v, ∇ w X(p) = w, ∇ v X(p) , while the fact that X is Killing gives v, ∇ w X(p) = − w, ∇ v X(p) , and hence B ≡ 0 at p. Therefore, H is totally geodesic. Now, let Z be the set of zeros of a Killing vector field X. A non-empty connected component Σ of Z is a bifurcation surface for X in (M, g) if it is a compact, codimension 2, two-sided acausal (hence spacelike) submanifold. Note that this implies that Σ is a totally geodesic submanifold of (M, g) (see, e.g., Theorem 1.7.12, p. 48 of Ref. [25] ). It is well known (see, e.g, [5, 22] ) that if Σ is one such bifurcation surface, there exist exactly two smooth connected null hypersurfaces H 1 and H 2 such that (i) Σ = H 1 ∩ H 2 , (ii) the null generators of H 1 , H 2 at Σ are normal to Σ and (iii) H 1 ∪ H 2 \ Σ is the disjoint union of four Killing horizons. The union H 1 ∪ H 2 is then called a bifurcate Killing horizon.
The importance of bifurcate Killing horizons is that they appear in many exact solutions of the Einstein field equation in General Relativity, for instance as event horizons in the black hole spacetimes of the Kerr-Newman family or as the cosmological horizon in de Sitter spacetime. Indeed, it has been shown that stationary black hole event horizons are portions of bifurcate Killing horizons under much more general circumstances (see. e.g., [28] ). They also are the natural arena for the the study of thermal properties of quantum states in semiclassical quantum gravity, such as the Hawking radiation of black holes and the Unruh effect [22] .
We now proceed to show, as a second application of our previous results, that a similar bifurcate structure appears around maximal codimension 2 compact acausal submanifolds in certain spacetimes not necessarily possessing Killing vector fields. Specifically, we have the following Theorem VII.1 Suppose that (M, g) is a globally hyperbolic, null geodesically complete spacetime satisfying the null convergence condition. Suppose that there exists a compact surface Σ such that i) For some Cauchy hypersurface V of (M, g), Σ ⊂ V , and V \ Σ is the disjoint union of two connected C 0 hypersurfaces V i , i = 1, 2, with non-compact closure, ii) Σ is maximal in (M, g).
Moreover, these connected components are smooth and totally geodesic null hypersurfaces in (M, g) with futurecomplete [resp. past-complete] null generators.
Proof. One can focus on the analysis of ∂I + (Σ)\Σ, since the arguments for ∂I − (Σ)\Σ are time-dual. Now, recall that, fixing a timelike vector field X : M → T M , its maximally extended integral curves define a continuous open onto mapping ρ X : M → V leaving V pointwise fixed (cf. Proposition 14.31 of [24] ). By arguing just as in the proof of Proposition 2.4 of [12] and using (i), we then show that ∂I + (Σ) \ Σ has exactly two connected components H + i (i = 1, 2) and that the restrictions of ρ X to H + i induce a homeomorphism from each of these null hypersurfaces onto one of the hypersurfaces V i , i = 1, 2. This establishes the first part. To prove the second part, we only need to deal with one of the components, say H + 1 , since the arguments for the other are the same. Now, fix a complete Riemannian metric h on M . Since the closure of H + 1 is non-compact, there exists a sequence of points (p n ) ⊆ H + 1 such that for each compact K ⊆ M , p n ∈ K for all large enough n. Therefore, for each n ∈ N, we can pick a future-directed nonspacelike curve γ n : [0, +∞) → M parametrized by h-arc length such that for some t n ∈ (0, +∞), γ n (t n ) = p n and γ n | [0,tn] is a null pregeodesic normal to Σ and without focal points before p n . Using the compactness of Σ, we can use a standard limit curve argument (cf., e.g., the proof of Proposition 2.1 of [12] ) to establish that there exists a future-directed, affinely parametrized null Σ-ray γ : [0, +∞) → M entirely contained in H + 1 . The fact that H + 1 is smooth and totally geodesic now follows from (ii) by an application of Theorem V.6.
Generalizing the above definitions, suppose that there exist two connected null hypersurfaces H 1 and H 2 and a compact surface Σ ⊆ M such that (i) Σ = H 1 ∩ H 2 , (ii) the null generators of H 1 , H 2 at Σ are normal to Σ and (iii) H 1 ∪ H 2 \ Σ is the disjoint union of four connected totally geodesic null hypersurfaces. Then, we call the union H 1 ∪ H 2 a bifurcate horizon in (M, g).
We now proceed to consider a natural setting in which the assumptions in Theorem VII.1 are expected to hold. We shall not strive here for maximum generality, but will be contended with the simplest situation in which this occurs. Let us first recall some fairly standard definitions .
By an (n-dimensional) initial data set we mean a triple (N, h, K), where (N, h) is a smooth ndimensional Riemannian manifold and K is a smooth, symmetric (0, 2) tensor field over N . We can then define a real-valued function ρ and a 1-form J on N by ρ := 1 2 R N − |K| 2 + (tr N K) 2 ; (7.1) 2) where R N denotes the scalar curvature in N . The initial data set (N, h, K) is vacuum if ρ and J for this set vanish identically, and time-symmetric if K = 0. Of course, the definitions above are purely geometric, but they acquire physical importance when applied in the initial-value formulation of General Relativity. In this setting, N is to be thought of as an embedded spacelike hypersurface in an (n + 1)-dimensional spacetime (M, g), with h being the induced metric and K being the second fundamental form, taken with respect to the unique future-directed, unit timelike normal vector field U over N ֒→ M . Moreover, (M, g) is assumed to satisfy the Einstein field equation
for a suitable (0, 2) symmetric energy-momentum tensor T , and a (possibly vanishing) cosmological constant Λ. One can check that the Gauss-Codazzi equations for the embedding N ֒→ M imply that the initial data (N, h, K) automatically satisfies Eqs. (7.1) and (7.2) with the identifications ρ ≡ T (U, U ) + Λ, (7.4) J ≡ −T (U, ·).
(7.5)
If in addition (M, g) is globally hyperbolic and N is a Cauchy hypersurface therein, then we say that (M, g) is a Cauchy development of the initial data set (N, h, K). It is well-known [9] that for any vacuum initial data, there exists a unique Cauchy development (with T = 0 and Λ = 0) which is inextendible in the class of globally hyperbolic spacetimes. We shall refer to this as the Cauchy development of the corresponding data. For simplicity, in what follows we shall only be interested in time-symmetric and vacuum initial data. This reduces (by Eqs. 7.1 and 7.2) simply to a Riemannian manifold (N, h) with (identically) zero scalar curvature. Our motivation now, as mentioned, is just to see that the assumptions of Theorem VII.1 are naturally met in some concrete settings. One especially important such setting is when (N, h) is asymptotically flat. This concept of course arises quite naturally in General Relativity, to describe gravitationally isolated systems. Let us first define more precisely what we mean here by 'asymptotically flat'.
Definition VII.1 (N, h) is asymptotically flat if it is complete and there exists a compact subset Ω ⊂ N such that N \ Ω has a finite number of components E 1 , . . . , E k , called (asymptotically flat) ends, and each such end E i is diffeomorphic to the region {x ∈ R n : |x| > 1}. In addition, the metric components in the coordinate system induced by this diffeomorphism satisfy the estimates |h ij (x) − δ ij | ≤ C |x| α and |∂ k h ij (x)| ≤ C |x| α+1 , for some positive constants C, α.
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We are now ready to state the following result.
Theorem VII.2 Let (N, h) be an asymptotically flat Riemannian manifold of dimension 3 ≤ n ≤ 7 with two asymptotically flat ends and zero scalar curvature. Suppose that (M, g) is the vacuum Cauchy development of (N, h) (viewed as a vacuum initial data set). Then, either (M, g) is null geodesically incomplete or it admits a bifurcate horizon.
Proof. Let E + ⊂ N be either one of the asymptotically flat ends, and let ψ : R = {x ∈ R n : |x| > 1} → E + be a diffeomorphism. Let r > 1 and S r = {x ∈ R n : |x| = r} ⊂ R. The image of S r by ψ (which by a slight abuse of notation we also denote by S r in what follows) is an embedded hypersurface contained in E + . If we write N + = ψ ({x ∈ R n : |x| > r}) , N − = N \ ψ ({x ∈ R n : |x| ≥ r}) , then, clearly, S r ∪ N + is noncompact and i # : π 1 (S r ) → π 1 (S r ∪ N + ) induced by the inclusion is surjective. It is straightforward to check that for some choice of r > 0, S r has positive mean curvature with respect to the unit normal pointing into N + , independently of the specific decay constants C and α. The same construction of course applies to the other end E − as well, and we end up with two mean convex spheres S ± which together form the boundary of a compact n-dimensional submanifold Ω such that N = N + ∪ N − ∪ Ω. The conditions of Theorem 1.1 in [15] on the existence of MOTS are now satisfied (cf. also Theorem 3.3 of Ref. [1] ), hence there exists a minimal (i.e., having zero mean curvature 11 ) compact connected hypersurface Σ ⊂ N in the interior of Ω which separates Ω. Now, inside the vacuum Cauchy development (M, g) of (N, h), N is an achronal spacelike hypersurface, and hence acausal (cf. Theorem 42, p. 425 of [24] ). Thus, Σ clearly satisfies all the conditions of Theorem VII.1 if (M, g) is geodesically complete, and the result now follows.
